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• Effects of chirality and hierarchy on elastic response of honeycombs are studied.
• Closed-form relations are derived for elastic moduli and validated using finite element method (FEM).
• Chirality always decreases the stiffness and Poisson’s ratio.
• Hierarchical refinement increases the stiffness in hexagon based honeycombs.
• Anti-tetra-chiral structure shows anisotropy, auxeticity, and low shear stiffness.
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a b s t r a c t
The effects of two geometric refinement strategies widespread in natural structures, chirality and
self-similar hierarchy, on the in-plane elastic response of two-dimensional honeycombs were studied
systematically. Simple closed-form expressions were derived for the elastic moduli of several chiral, anti-
chiral, and hierarchical honeycombs with hexagon and square based networks. Finite element analysis
was employed to validate the analytical estimates of the elastic moduli. The results were also compared
with the numerical and experimental data available in the literature. We found that introducing a hier-
archical refinement increases the Young’s modulus of hexagon based honeycombs while decreases their
shear modulus. For square based honeycombs, hierarchy increases the shear modulus while decreasing
their Young’s modulus. Introducing chirality was shown to always decrease the Young’s modulus and
Poisson’s ratio of the structure. However, chirality remains the only route to auxeticity. In particular, we
found that anti-tetra-chiral structures were capable of simultaneously exhibiting anisotropy, auxeticity,
and remarkably low shear modulus as the magnitude of the chirality of the unit cell increases.
© 2016 The Authors. Published by Elsevier Ltd on behalf of The Chinese Society of Theoretical and
Applied Mechanics. This is an open access article under the CC BY-NC-ND license (http://
creativecommons.org/licenses/by-nc-nd/4.0/).cAmong the most readily observed topological features in natu-
ral structures are chirality [1–5], hierarchy [6–13], and hierarchy of
chirality [14,15]. Their abundance in nature can be contrastedwith
traditional man-made constructions, which often rely on multi-
ple materials selection but relatively simpler micro-geometrical
constitution. In recent years, following these topological cues,
synthetic metamaterials with non-traditional properties such as
negative stiffness [16–18], auxeticity [19–22], and negative ther-
mal expansion [23–25] have been proposed. These characteristics
make mechanical metamaterials suitable for applications such as
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BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).novel prostheses [26], fasteners [27], piezo-composites with op-
timal performance [28], dome-shaped panels [29,30], and high
structural integrity foams [31].
Among this general class of metamaterials, periodic chiral
lattices such as the ones shown in Fig. 1 have been shown
to possess relatively compliant behavior because of their bend-
ing dominated response, while exhibiting considerable multi-
axial expansion/contraction under uniaxial loads due to auxeticity
[32,33]. These features make them optimal candidates for flexi-
ble design applications such as micro-electro-mechanical-systems
(MEMS) [19,34,35], aircraft morphing structures [36–43], and as
analogues of spokes in non-pneumatic tires [44,45]. In addition,
chiral honeycombs have been experimentally and numerically
shown to possess Poisson’s ratios in the range of −1 < ν <
0. For instance, Alderson et al. [46] studied the in-plane elastic
iety of Theoretical and Applied Mechanics. This is an open access article under the CC
82 D. Mousanezhad et al. / Theoretical and Applied Mechanics Letters 6 (2016) 81–96Fig. 1. Schematic of the structure and the unit cell, and the expression of relative density for the chiral and anti-chiral honeycombs studied.constants of chiral and anti-chiral honeycombs using finite ele-
ment (FE) analysis and experiments. Continuing further, Alder-
son et al. [47] investigated the in-plane linear elastic response
and out-of-plane bending of tri- and anti-tri-chiral honeycombs
and their re-entrant counterparts using FE analysis and experi-
ments. Nonetheless, closed-form expressions of elastic moduli for
most of these structures are still unavailable. Among several two-
dimensional (2D) chiral lattices proposed in the literature, only
the elastic properties of hexa- and tetra-chiral lattices have been
investigated analytically, using micro-polar and second-gradient
continuum theories [32,48–51]. These approaches are far more
complex than the simple yet robust method used here for analyti-
cal study of chiral unit cells, which often require special boundary
conditions at the unit cell level due to underlying rotational sym-
metry of the structure.
Another class of bio-inspired materials used increasingly to
broaden the achievable range of mechanical response is the hier-
archically structured material systems. Extreme values of material
properties such as specific stiffness [11,52–54], toughness [55–58],
strength [11,53,59,60], buckling strength [61], negative or complex
Poisson’s ratio [62–65], and phononic band gaps [66] have been re-
ported in hierarchical architectures across multiple length scales.
Through a series of studies on the strength of different fractal-
like structures under various loads, Farr and co-workers [59,67–
70] suggested that the volume of the material used for a stable
structure can be reduced by an order of 3–4 undermild loads using
hierarchical designs of third and fourth generation. However, the
advantage of hierarchical design in these structures diminishes
as the magnitude of applied loading increases. Ajdari et al. [52]
showed that a type of self-similar hierarchical honeycomb is ca-
pable of attaining specific Young’s modulus as much as 2 and 3.5
times that of a regular hexagonal lattice through first and sec-
ond orders of hierarchy, respectively. In a more inclusive study
that considered enhancements inmultiple parameters, Haghpanah
et al. [71] showed that a wide range of specific stiffness and
strength can be tailored by introducing higher orders of hierar-
chy in a hexagonal lattice. However, none of these earlier stud-
ies specifically focused on investigating the geometry of hierarchy
as a controlling variable of mechanical properties of honeycombs.Moreover, there is no systematic comparison between hierarchy
and chirality in the literature, which can be useful in design and
selection of structures for different loading conditions.
In light of this discussion, it becomes clear that further investi-
gations on the behavior of these classes of metamaterials are well
justified. Particularly, obtaining closed-formanalytical expressions
for the elastic constants in terms of geometric andmaterial param-
eters would constitute an important step towards evaluating and
designing these materials. Furthermore, it would also foster a bet-
ter understanding of the role of chirality and hierarchy in influ-
encing the mechanical response of these materials. To this end, in
the current paper, we carry out a systematic theoretical and com-
putational study of the effects of these two natural geometrical
organizations — chirality and hierarchy — on the in-plane elastic
response of 2D honeycombs. In order to directly compare the ef-
fects of chirality versus hierarchy, we limit the results to first or-
der of hierarchy for the hierarchical structures presented here.
An energy-based method is used to obtain the unit cell defor-
mation by satisfying both the periodic boundary conditions and
symmetry requirements for the unit cell. Two specific types of
regular tessellation with square and hexagonal cells are altered
to endow them with chirality and hierarchy. For achieving chi-
rality, the square based unit cell is altered to yield two different
types of chiral architectures — tetra-chiral and anti-tetra-chiral —
whereas the hexagonal unit cell alteration results in tri-chiral and
anti-tri-chiral structures (illustrated in Fig. 1). In contrast to chi-
ral microstructures, hierarchy is achieved by both conserving the
rotational and reflective symmetries of the lattice. This is done
by replacing the nodes in a periodic network of cells with the
original cells albeit of smaller size as shown in Fig. 2. Thus, the
introduction of hierarchy into the square unit cell results in hier-
archical square and hierarchical diamond honeycombs (illustrated
in Fig. 2). In order to proceed with our calculations, the represen-
tative volume element (RVE) is used as the fundamental unit of
analysis. In a periodic lattice material, the RVE (i.e., unit cell) is
identified as the smallest volume which with associated tractions
anddisplacements, tessellates the space to represent thewhole lat-
tice structure under loading [60]. We choose the shaded triangu-
lar and square areas bounded by dashed lines in Figs. 1 and 2 as
D. Mousanezhad et al. / Theoretical and Applied Mechanics Letters 6 (2016) 81–96 83Fig. 2. Schematic of the structure and the unit cell, and the expression of relative density for the hierarchical honeycombs studied.the structural unit cells of the structures under study. This implies
that under any in-plane loading, we can tile the 2D space, solely
by translating, and/or reflecting, and/or rotating (by 180°) the unit
cells and their corresponding tractions and displacements, to rep-
resent the infinitely extended 2D structures.
We first describe and derive the elasticmoduli (i.e., Young’s and
shear moduli, and Poisson’s ratio) of chiral and anti-chiral struc-
tures. This is followed by a section devoted to deriving the elastic
constants for the hierarchical structures. The results are then com-
pared in a unified template to highlight the effects brought about
by these geometrical variants. The paper ends with conclusions.
Chiral and anti-chiral structures studied in this paper have
an array of cylinders (nodes) connected by tangential ligaments
(ribs) as shown in Fig. 1. Depending on the number of ligaments
tangential to each cylinder, two types of chiral lattices are
introduced: tri- and tetra-chiral structures which are respectively
composed of 3 and 4 tangential ligaments for each cylinder.
Similarly, anti-chiral lattices are generated if any two adjacent
cylinders share the same side of the common tangential ligament.
Thus, in addition, two anti-chiral lattices are introduced which are
called anti-tri- and anti-tetra-chiral structures (see Fig. 1).
The structural organization of the chiral and anti-chiral
honeycombs can be defined by the ratio, r/L, where r is the radius
of the cylinders and L is the length of the ligaments as described in
Fig. 1. This figure also represents the dimensionless relative density
(i.e., area fraction) of the structures in terms of r/L and t/L, where
t is the thickness of the cell walls. For the special case, where r =
0, the normalized relative density of the hexagon (tri-chiral and
anti-tri-chiral) and square (tetra-chiral and anti-tetra-chiral) based
chiral and anti-chiral honeycombs respectively reduce to that of
regular hexagonal [2/
√
3 · (t/L)] and square (2t/L) honeycombs.
Here, we derive closed-form expressions for elastic properties
of chiral and anti-chiral honeycombs made of an isotropic linearelastic material with Young’s modulus, Es. In contrast to the pre-
vious studies [32,33,48–51], we employ a simple energy-based
procedure (Castigliano’s second theorem [72]) to obtain analyti-
cal estimates for elastic properties of the structures under study.
A three-fold symmetry seen within the tri- and anti-tri-chiral lat-
tices (see Fig. 1) assures the macroscopic isotropy of their in-plane
elastic properties [73]. Thus, for complete characterization of these
structures, they each need only two elastic constants to be deter-
mined (i.e., Young’s modulus and Poisson’s ratio) (shear modulus
is obtained as a function of the other two elastic constants, anal-
ogous to isotropic materials). In principle, these elastic constants
can be determinedby any kind of in-plane loading. However, in this
study, without loss of generality we chose uniaxial loading to ob-
tain the Young’s modulus and Poisson’s ratio. In contrast, the four-
fold symmetry of tetra- and anti-tetra-chiral honeycombs causes
the structures to exhibit macroscopic anisotropy in their in-plane
elastic behavior. Therefore, all the components of their stiffness (or
compliance) tensor have to be determined in order to fully iden-
tify their elastic behavior. For tetra- and anti-tetra-chiral lattices,
we first chose a coordinate system such that the x and y axes were
aligned to the lines connecting the center of adjacent cylinders to-
gether. This symmetry requires one Young’s modulus, one Pois-
son’s ratio, one shear modulus, and possibly two more coefficients
called ‘‘the coefficients of mutual influence of the first kind’’ [74]
(they characterize the normal strains caused by shear stresses).
To this end, for each of the anisotropic honeycombs (tetra- and
anti-tetra-chiral structures), we first impose a uniaxial loading in
the x-direction (i.e., horizontal direction in Fig. 1) to obtain the
structure’s Young’s modulus, Ex, and Poisson’s ratio, νxy. Note that
the sub-index x, is used to emphasize that the elastic constants are
obtained as a result of a loading in the x-direction and they are not
valid for any other directions (except for y-direction (i.e., vertical
direction in Fig. 1), due to symmetry) of in-plane loading since the
structures do not have an isotropic in-plane behavior. Furthermore
84 D. Mousanezhad et al. / Theoretical and Applied Mechanics Letters 6 (2016) 81–96Fig. 3. (a) Schematic of a tetra-chiral honeycomb under x-direction uniaxial loading. (b) Free body diagram of the structural unit cell under uniaxial loading. (c) Schematic
of a tetra-chiral honeycomb under x-y shearing load. (d) Free body diagram of the structural unit cell under shearing load.due to this anisotropy, in order to obtain the shear modulus, Gxy,
and the coefficients of mutual influence of the first kind, we apply
a separate shearing load to these structures. It is noteworthy that
since these structures are stretching dominated in both the x- and
y-directions, we must include the stretching terms in addition to
bending terms in computing the strain energy of the unit cells.
In contrast, for bending dominated structures, we only include
the bending terms of strain energy. In our theoretical calculations,
the central cylinders appearing in the unit cells are regarded
as perfectly rigid elements. Also the rotation of ligaments and
cylinders is neglected due to small deformation assumption. These
assumptions significantly reduce the complexity of the problem
yielding closed-form expressions for elastic moduli while staying
reasonably accurate for most of the geometries considered in this
study.
In the next paragraphs, we will derive closed-form expressions
for the elastic moduli of tetra-chiral structures as a demonstration
of our proposed method. The detailed derivations for other chiral
and anti-chiral structures are presented in Appendices.
A schematic of a tetra-chiral structure, which is based on an
underlying square network, undergoing a uniaxial far-field stress
in the x-direction, σx is shown in Fig. 3(a). The free body diagram
(FBD) of the corresponding unit cell is shown in Fig. 3(b). The
unit cell contains a cylinder (node) which is assumed to be rigid
and four half ligaments. Due to the 180° rotational symmetry of
the structure and the components of the microscopic stresses, all
four external cut points of the unit cell (i.e., points 1 through 4 in
Fig. 3(b)) must be moment-free under an arbitrary macroscopic
stress state. Also, since the only far-field stress acting on the
structure is along the x-direction, all the external cut points must
be force-less except points 1 and 2 which carry a pair of forces
with opposite directions along the x-direction due to σx. Therefore,
unknown forces andmoments acting on the unit cell’s external cut
points can be summarized as shown in Fig. 3(b), where F can bedetermined as a function of applying stress as, F = σxR, where R is
the center to center distance between any two adjacent cylinders.
Moreover, to be able to determine the structure’s Poisson’s ratio, a
pair of virtual forces, P is also added on points 2 and 4 of the unit
cell. The strain energy of the unit cell is given as:
U = 2 (F cos θ)
2 L/2
2EsA
+ 2 (P cos θ)
2 L/2
2EsA
+ 2
 L/2
0
(xF sin θ)2
2EsI
dx
+ 2
 L/2
0
(xP sin θ)2
2EsI
dx, (1)
where Es (as mentioned earlier) is the Young’s modulus of the cell
wall material, A is the cross sectional area of cell walls (i.e., for a
rectangular cross section with unit depth, A = t), I is the second
moment of area of the wall’s cross section (cell walls are assumed
to have a rectangular cross section with uniform thickness, t , and
unit depth, i.e., I = t3/12), and θ = tan−1(2r/L) is the angle
between each ligament and the line connecting the centers of two
adjacent cylinders as shown in Fig. 3(b). Next, ∂U/∂F |P=0 gives
the total displacement of point 1 with respect to point 3 in the
x-direction as, δx = FLEsA cos2 θ + FL
3
12EsI
sin2 θ . From this, we can
now calculate the structure’s average strain in the x-direction as,
ϵx = δx/R. The Young’s modulus of the structure normalized
by material’s Young’s modulus is then defined as the ratio of the
average stress, σx and the average strain, ϵx and obtained as:
Ex/Es = t/L
cos2 θ + sin2 θ/ (t/L)2 . (2)
On the other hand, ∂U/∂P|P=0 gives the total displacement of
points 2 and 4 in the direction of virtual forces as δy = 0. Therefore,
ϵy = δy/R = 0 and this will result in νxy = 0.
In the next step, we seek to determine the structure’s shear
modulus with respect to the x–y coordinate system. To this end,
D. Mousanezhad et al. / Theoretical and Applied Mechanics Letters 6 (2016) 81–96 85we consider a tetra-chiral structure undergoing a uniform far-field
shear stress, τxy, as shown in Fig. 3(c). FBD of a representative unit
cell is also shown in Fig. 3(d). The 180° rotational symmetry of the
structure implies unit cell’s all four external cut points (i.e., points
1 through 4 in Fig. 3(d)) to be moment free. Furthermore, each
of these external cut points must be free of any normal forces
(in the direction passing through the cut point and center of the
cylinder), because there is no macroscopic normal stress acting on
the structure in those directions. Thus, there are only four equal
shearing forces acting on the unit cell’s external cut points, F ,
which can be obtained as a function of applying stress as, F = τxyR.
We also apply two pairs of virtual forces, Px, and Py to the unit cell
to be able to find the average strains in the x- and y-directions due
to the applying shear stress. Therefore, based on the loadings on
the unit cell shown in Fig. 3(d), the strain energy is given as the
following:
U = 2 (F sin θ − Px cos θ)
2 L/2
2EsA
+ 2

F sin θ + Py cos θ
2 L/2
2EsA
+ 2
 L/2
0
[(F cos θ + Px sin θ) x]2
2EsI
dx
+ 2
 L/2
0

F cos θ − Py sin θ

x
2
2EsI
dx. (3)
Next, ( ∂U/∂F |Px=Py=0)/R gives the total change of angle between
two straight lines initially parallel to the x- and y-axes which is the
direct measure of the shear strain, γxy. Then, the shear modulus of
the structure normalized with respect to the Young’s modulus of
cell wall material, is defined as the ratio of the average shear stress,
τxy to the average shear strain, γxy and given as the following:
Gxy/Es = 0.5 (t/L)
3
cos2 θ + (t/L)2 sin2 θ . (4)
Note that as θ goes to zero, the structure transforms into a regular
square honeycomb. Upon substituting θ = 0 into the closed-form
expressions for Ex and Gxy, we obtain Ex/Es = t/L, and Gxy/Es =
0.5 (t/L)3, which are the Young’s and shear moduli of a regular
square honeycomb, respectively [75]. For all values of θ , Poisson’s
ratio is equal to that of square honeycomb, νxy = 0.
From the above calculations, the structure’s 2D compliance
tensor can be formed as the following:
S =
S11 S12 S13
S12 S22 S23
S13 S23 S33

, (5)
where S11 = S22 = 1/Ex, S12 = −νxy/Ex, and S33 = 1/Gxy.
Then, to completely determine all components of 2D compliance
tensor of this structure, we still need to obtain S13 and S23,
which can respectively be given by calculating the average normal
strains of the structure in the x- and y-directions due to the
shearing load. ( ∂U/∂Px|Px=Py=0)/R and ( ∂U/∂Py

Px=Py=0)/R give
the average normal strains in the x- and y-directions (ϵx and ϵy),
respectively. Then, S13 and S23 are respectively defined as the ratio
of the resulting normal strains in the x- and y-directions to the
applying shear stress and given as the following:
S13 = ϵx
τxy
= + (L/t)3 − (L/t) sin θ cos θ/Es,
S23 = ϵy
τxy
= − (L/t)3 − (L/t) sin θ cos θ/Es. (6)
Next, in order to find the orientation of principal coordinate system
(i.e., directions in which S13 and S23 are both equal to zero which
implies that no normal strains can be produced under shear stress)we rotate the x–y–z coordinate system with respect to the z-axis
by an angle α (positive when counter-clockwise). The compliance
tensor in the new system, S¯ is determined using the compliance
transformation rule [74], S¯ = TST T, where T is the rotation tensor
defined as:
T =
 m2 n2 mnn2 m2 −mn
−2mn 2mn (m2 − n2)
 , (7)
where m = cosα, and n = sinα. Performing this transforma-
tion, we will end up with S¯13 = −S¯23 = 12Es (L/t)

(L/t)2 − 1 ×
sin (2θ + 4α). Thus, S¯13 = −S¯23 = 0 gives the orientation of the
principal axes as, α = kπ/4− θ/2, where k is an integer.
Similar procedure has been performed to obtain closed-form
expressions of elasticmoduli for tri-, anti-tri-, and anti-tetra-chiral
structures and the details have been presented in Appendices.
In this section, we investigate the linear elastic properties of
hierarchical structures. To this end, we select two representative
samples, hierarchical square and hierarchical diamond, which are
respectively generated by replacing the vertices of a regular square
honeycomb by smaller squares and diamonds (see Fig. 2). The wall
thickness of the structures is simultaneously reduced to maintain
the overall density equal to that of regular square honeycomb.
Similar to chiral and anti-chiral honeycombs, the structural
organization of hierarchical structures can be defined by the
ratio, r/L, where r and L are defined for each structure in Fig. 2.
This figure also represents the dimensionless relative density
(i.e., area fraction) of the structures in terms of r/L and t/L. For
the special case, where r = 0, the normalized relative density
of the hexagon (hierarchical hexagonal honeycomb), and square
(hierarchical square and hierarchical diamond) based hierarchical
structures respectively reduce to that of regular hexagonal [2/
√
3 ·
(t/L)], and square (2t/L) honeycombs.
Note that among these three hierarchical structures shown in
Fig. 2, Ajdari et al. [52] studied the in-plane elastic properties of
hierarchical hexagonal honeycombs. Thus, in the current paper
we focus on the other two structures and just report the results
published by the authors for the sake of completeness.
Similar to the previous section, Castigliano’s second theorem
is used to derive closed-form relations for elastic properties of
hierarchical structures made of an isotropic linear elastic material
with Young’s modulus, Es. It should be noted that hierarchical
square and diamond structures exhibit macroscopic anisotropy.
Thus, in order to completely characterize their elastic behavior
we need to obtain the Young’s modulus, Poisson’s ratio, and shear
modulus along the principal directions. To this end, first a uniaxial
loading in the x-direction is applied to each structure to determine
the structure’s Young’s modulus, Ex and Poisson’s ratio, νxy and
then a shearing load is imposed to obtain the shear modulus, Gxy.
Finally the orientation of principal coordinate systems is given for
each structure. In contrast to chiral and anti-chiral lattices where
we assumed the cylinders to be rigid, here we assume the entire
structure including smaller squares and diamonds to have a linear
elastic material property.
Wewill obtain closed-form expressions of the elasticmoduli for
hierarchical square structures as a demonstration of our proposed
method. The details of the procedure for hierarchical diamond
structures are presented in Appendices.
A schematic of a hierarchical square honeycomb under a uni-
axial far-field stress in the x-direction, σx is shown in Fig. 4(a). A
detailed FBD of the structural unit cell of this structure is shown
in Fig. 4(b). It contains a smaller square and four half ligaments
connecting the smaller squares together. Due to 180° rotational
symmetry of the structure and components of microscopic stress,
all external cut points of the unit cell (i.e., points 1 through 4 in
86 D. Mousanezhad et al. / Theoretical and Applied Mechanics Letters 6 (2016) 81–96Fig. 4. (a) Schematic of a hierarchical square honeycomb under x-direction uniaxial loading. (b) and (c) Free body diagram of the structural unit cell under uniaxial loading,
where P is a virtual force used for Poisson’s ratio calculations. (d) Schematic of a hierarchical square honeycomb under x-y shearing load. (e) Free body diagram of the
structural unit cell under shearing load.Fig. 4(b))must bemoment free. Furthermore, by using a cut line∆1,
we can see that since there is no macroscopic stress on the struc-
ture in the y-direction, the unit cellmust be free of any forces in the
y-direction at point 4. Similar arguments also hold true for point 2.
Also note that the structure is symmetricwith respect to all four cut
lines shown in Fig. 4(a). This implies that the component of forces
parallel to these cut lines at corresponding external cut point must
be equal to zero. Thus, under the uniaxial stress on the structure,
σx, each unit cell experiences the loading shown in Fig. 4(b), where
F can be obtained as a function of applied stress as, F = σxL.
In order to determine the distribution of forces andmoments at
any cross section of the smaller square (needed for strain energy
calculation in the next step), let us consider the right portion of
the unit cell as illustrated in Fig. 4(b) (right). For equilibrium to
be satisfied for forces in the x-direction, two equal forces, F/2
must be applied to points 5 and 6. Also, shear forces at these two
points must be equal to zero due to the fact that no macroscopic
stress is being applied to the structure in the y-direction.Moreover,
symmetry of the structure requires that the rotation of point 5 (and
similarly point 6) with respect to the z-axis be equal to zero. Using
Castigliano’s theorem, this condition is equivalent to the relation,
∂U/∂M = 0, where U is the total strain energy of the portion of
the unit cell shown in Fig. 4(b) andM is a yet unknownmoment to
be determined. This constraint will result in M = rF/8. Now, the
unit cell’s strain energy can be obtained as:
U = 2F
2 (L/2− r)
2EsA
+ 4 (F/2)
2 r
2EsA
+ 4 (rF/8)
2 r
2EsI
+ 4
 r
0
(rF/8− xF/2)2
2EsI
dx. (8)Using above equation, the total displacement of point 1 with
respect to point 3 in the x-direction can be calculated as, δx = ∂U∂F =
F(L−r)
EsA
+ 10Fr348EsI . Next, the structure’s average strain in the x-direction
is obtained by using the relation, ϵx = δx/L. The Young’s modulus
of the structure normalized by material’s Young’s modulus is then
defined as the ratio of the average stress, σx and the average strain,
ϵx and obtained as:
Ex/Es = t/L
1− (r/L)+ 2.5 (r/L)3 / (t/L)2 . (9)
Next, in order to calculate the Poisson’s ratio, let us consider a pair
of virtual forces acting on the unit cell in the lateral direction, as
shown in Fig. 4(c). One fourth of the smaller square of this unit cell
is also shown in Fig. 4(c). Similar procedure as employed earlier is
used to determine the unknown moments, M1 and M2, acting on
points 6 and 7 as M1 = rF/8 − 3rP/8 and M2 = rP/8 − 3rF/8.
Thus, the strain energy of the unit cell is given as:
U = 2F
2 (L/2− r)
2EsA
+ 2P
2 (L/2− r)
2EsA
+ 4 (F/2)
2 r
2EsA
+ 4 (P/2)
2 r
2EsA
+ 4
 r
0
(xF/2+ rP/8− 3rF/8)2
2EsI
dx
+ 4
 r
0
(xP/2+ rF/8− 3rP/8)2
2EsI
dx. (10)
Now using Castigliano’s second theorem on the strain energy
calculated in Eq. (10) we obtain δy = ∂U/∂P|P=0 = −Fr38EsI . Using
this equation, we obtain ϵy = δy/Lwhich is the structure’s average
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ratio, νxy is then defined as the negative of the ratio of the average
strain in the y-direction, ϵy to the average strain in the x-direction,
ϵx and obtained as:
νxy = 0.6 (r/L)
3
(r/L)3 − 0.4 (t/L)2 (r/L)+ 0.4 (t/L)2 . (11)
Finally, to determine the shear modulus, as shown in Fig. 4(d), we
apply a uniform far-field shear stress, τxy to the structure. A FBD of
the unit cell of the structure is also shown in Fig. 4(e). The 180° ro-
tational symmetry of the structure implies unit cell’s all four ex-
ternal cut points (i.e., points 1 through 4 in Fig. 4(e)) to be moment
free. Furthermore, each of these external cut points must be free
of any normal forces (in the direction of the ligament), because
there is no macroscopic normal stress acting on the structure in
those directions. Thus, there are only four equal shearing forces
acting on the unit cell’s external cut points, F , which can be ob-
tained as a function of applying stress as, F = τxyL. Next, consider
one fourth of the smaller square as shown in Fig. 7(e). Using the
equilibrium equations, components of unknown forces and mo-
ment acting on the external cut points of this portion of the unit cell
can be determined as functions of F , as shown in Fig. 4(e), where
M = (F/2) · (L/2− r). Hence, the strain energy of the unit cell can
be written as:
U = 4
 L/2−r
0
(Fx)2
2EsI
dx+ 8 (F/2)
2 r
2EsA
+ 8
 r
0
[(F/2) (L/2− r)− Fx/2]2
2EsI
dx. (12)
Then, (∂U/∂F)/L gives the total change of angle between two
straight lines initially parallel to the x- and y-axes (i.e., the shear
strain, γxy). Finally, shear modulus of the structure (Gxy, normal-
ized with respect to the Young’s modulus of cell walls material) is
defined as the ratio of the average shear stress, τxy to the average
shear strain, γxy and obtained as the following:
Gxy/Es = 0.5 (t/L)
3
1− 3 (r/L)− 6 (r/L)2 + 20 (r/L)3 + (t/L)2 (r/L) . (13)
Note that as r goes to zero, the structure transforms into a regu-
lar square honeycomb. Upon substituting r = 0 into Eqs. (9), (11)
and (13), we obtain Ex/Es = t/L, νxy = 0, and Gxy/Es = 0.5 (t/L)3,
which are the Young’smodulus, Poisson’s ratio, and shearmodulus
of a regular square honeycomb, respectively. The principal direc-
tions for the 2D compliance tensor (S13 and S23 are both equal to
zero for the current x–y–z coordinate system) of this structure can
be calculated as, α = kπ/4, where k is an integer.
Similar procedure has been performed to obtain closed-form
expressions of elastic moduli for hierarchical diamond structures
and demonstrated in detail in Appendices.
In order to validate the theoretical expressions of elastic
moduli, FE-based numerical models were developed to conduct
simulations on the structures. We carry out FE analysis at the
structural level instead of the unit cell level with 2D models of
the structures constructed using the FE software ABAQUS 6.11-
2 (SIMULIA, Providence, RI). The relative characteristic length of
the samples with respect to the unit cells was sufficiently large
enough to mitigate boundary effects on the inner unit cells. The
models were meshed using in-plane 2-node linear beam elements
allowing for shear deformation (i.e., B21 beamelement in ABAQUS)
and a mesh sensitivity analysis was carried out to guarantee that
the results were not mesh-dependent. Static-general solver of
ABAQUS was used to simulate the response of these structures
under uniaxial compression and shearing loads. Cell walls were
assumed to have a rectangular cross section with unit lengthFig. 5. Schematic diagrams of the FEmodels constructed in ABAQUS for simulating
static uniaxial loads, as well as their corresponding exaggerated deformed
configurations, for the structures with hexagon based grids with r/R = 0.3.
normal to the loading plane (i.e., normal to the x–y plane). R was
taken to be equal to unity and the thickness (t) was adjusted to be
consistentwith the value of the relative density presented in Figs. 1
and 2. Linear elastic properties of aluminumwere assumed for the
cell wall material with Es = 70 GPa and νs = 0.3.
Figures 5 and 6 show the schematic diagrams of the FE models
constructed in ABAQUS for simulating static uniaxial and shearing
loads, as well as their corresponding exaggerated deformed
configurations, for the structures with underlying hexagon and
square based grids, respectively. In order to simulate the uniaxial
loading, constant static displacement was assigned to the left
nodes (see Figs. 5 and 6), while the horizontal displacement of the
right nodes was constrained (i.e., set to zero). Then, to eliminate
any boundary effects, periodic boundary conditions were imposed
on the structures on the top- and bottom-side nodes [76]. Also
note that the vertical displacement of an arbitrary node was
constrained (i.e., set to zero) in order to prevent rigid body motion
of the structure in that direction. To simulate the square based
honeycombs under shearing loads, shear forceswere applied to the
boundarynodes,while thehorizontal and vertical displacements of
an arbitrary node were constrained (i.e., set to zero) to avoid rigid
body motion, Fig. 6.
88 D. Mousanezhad et al. / Theoretical and Applied Mechanics Letters 6 (2016) 81–96Fig. 6. Schematic diagrams of the FE models constructed in ABAQUS for simulating static uniaxial and shearing loads, as well as their corresponding exaggerated deformed
configurations, for the structures with square based grids with r/R = 0.3.The analytical expressions of effective Young’s modulus
(Young’s modulus of the structure normalized by cell wall mate-
rial’s Young’s modulus), Poisson’s ratio, and effective shear mod-
ulus (shear modulus of the structure normalized by cell wall
material’s Young’s modulus) for the meta-lattices studied are tab-
ulated in Tables 1 and 2. In Table 1, the structures are character-
ized into two categories—hexagon and square based honeycombs.
The structural unit cell, effective Young’s modulus, and Poisson’s
ratio for each structure are reported in the next columns. For
anisotropic structures (i.e., square based honeycombs), the effec-
tive shear modulus and material principal directions are reported
in Table 2.
In Fig. 7, we plot the normalized Young’s modulus (effective
Young’s modulus of the structure normalized by the effective
Young’s modulus of a regular hexagonal honeycomb with same
relative density) (Fig. 7(a)) and the Poisson’s ratio (Fig. 7(b)) of
hexagon based chiral and hierarchical honeycombs varied via the
r/R ratio which is a de-facto measure of the magnitude of alter-
ation to the underlying structure. The solid lines represent the re-
sults from the analytical estimates of elastic moduli in Table 1 andmarkers denote the FE results. Note that Fig. 7(a) is a log–log plot.
Clearly as r/R → 0, the chiral and hierarchical structures reduce
trivially to the regular hexagonal honeycomb. A good agreement
is observed between the theoretical and FE results except for tri-
chiral structurewhere the theory predicts higher stiffness and neg-
ative Poisson’s ratio when r/R > 0.2. This discrepancy is resulted
from the assumed rigid behavior for the cylindrical components in
the chiral structures. When r/R → 0.5 in the tri-chiral structure,
the cylindrical components become the only source of compliance
for the structure as straight beams vanish, and therefore the the-
oretical results diverge from the FE results. Among the hexagon
based structures, hierarchical hexagonal honeycomb shows higher
stiffness with respect to the other structures and the normalized
Young’s modulus achieves the maximum value of E¯ ∼= 2 at r/R ∼=
0.32 [52]. The plot of Poisson’s ratio shown in Fig. 7(b) also shows a
good agreement with the theoretical derivations presented earlier.
Unlike the hierarchical structure, the chiral and anti-chiral struc-
tures are capable of showing auxetic behavior (i.e., negative Pois-
son’s ratio) at higher r/R values. The anti-tri-chiral structurewhich
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Summary of the analytical relations for the effective Young’s modulus and Poisson ratio of cellular lattices studied in this article. Asterisks (*) highlight anisotropic lattices.
For these anisotropic lattices the analytical expressions for the effective shear modulus and material principal directions are given in Table 2.
Name Unit cell Effective Young’s modulus Poisson’s ratio
H
ex
ag
on
ba
se
d
ho
ne
yc
om
bs Regular hexagonal 4√3
 t
L
3 1
Hierarchical hexagonal 4√
3
 t
L
3  1
1−4.7(r/L)+4.8(r/L)2+3.87(r/L)3

1− (r/L)3
2.9(r/L)3+3.6(r/L)2−3.525(r/L)+0.75
Tri-chiral 4√
3
 t
L
3  3/2
cos2(π/6−θ)+4 sin2 θ+cos2(π/6+θ)
 √
3

sin(π/6−θ) cos(π/6−θ)+sin(π/6+θ) cos(π/6+θ)
cos2(π/6−θ)+4 sin2 θ+cos2(π/6+θ)

Anti-tri-chiral 4√
3
 t
L
3  1
1+24(r/L)2

1−24(r/L)2
1+24(r/L)2
Sq
ua
re
ba
se
d
ho
ne
yc
om
bs
Square∗ tL 0
Hierarchical square∗ t/L
1−(r/L)+2.5(r/L)3/(t/L)2
0.6(r/L)3
(r/L)3−0.4(t/L)2(r/L)+0.4(t/L)2
Hierarchical diamond∗ t/L
1−(r/L)(2−1/
√
2)+
√
2(r/L)3/(t/L)2
(r/L)3−0.5(t/L)2(r/L)
(r/L)3−(
√
2−0.5)(t/L)2(r/L)+(t/L)2/
√
2
Tetra-chiral∗ t/L
cos2 θ+sin2 θ/(t/L)2 0
Anti-tetra-chiral∗ t/L
1+6(r/L)2/(t/L)2
−6(r/L)2
6(r/L)2+(t/L)2Table 2
Summary of the analytical expressions for the effective shearmodulus andmaterial principal directions for the anisotropic lattices studied.
Name Unit cell Effective shear modulus Principal direction
Sq
ua
re
ba
se
d
ho
ne
yc
om
bs
Square 0.5
 t
L
3 kπ
4
Hierarchical square 0.5(t/L)
3
1−3(r/L)−6(r/L)2+20(r/L)3+(t/L)2(r/L)
kπ
4
Hierarchical diamond 0.5(t/L)
3
[1−2(r/L)]2

1+(1.5
√
2−2)(r/L)

+√2(t/L)2(r/L)
kπ
4
Tetra-chiral 0.5(t/L)
3
cos2 θ+(t/L)2 sin2 θ
kπ
4 − θ2
Anti-tetra-chiral 0.5
 t
L
3 kπ
4is also the most compliant among the three exhibits auxeticity as
Poisson’s ratio becomes negative for r/R greater than∼=0.2.
Figure 8 illustrates the behavior of square based structures
which are anisotropic. Since the results for stretching dominated
honeycombs depend on the relative density of the structures, we
reported the results of square based honeycombs only at a constant
relative density of 6%. The solid lines in these figures represent
the results from the closed-form estimates of elastic moduli from
Tables 1 and 2, and markers denote the FE results. Similar to
hexagon based honeycombs, there exist discrepancies between
the theoretical and numerical results of square based structures
in the case of chiral and anti-chiral lattices, which become more
pronounced for tetra-chiral structure as r/R goes to 0.5. Again,
these discrepancies stem from the assumed rigid behavior for the
cylindrical components in the chiral and anti-chiral structures. We
plot the normalized Young’s modulus of the structure (effective
Young’s modulus of the structure normalized by the effectiveYoung’s modulus of a square honeycomb with same relative
density) in Fig. 8(a) and notice a good agreement with FE results.
Clearly, increasing r/R results in a sharp decrease in the in-
plane stiffness of these structures which is especially pronounced
in tetra- and anti-tetra-chiral lattices. Of all the square based
structures studied, only anti-tetra-chiral honeycombs exhibit
auxeticity for all values of r/R. In this structure, the Poisson’s ratio
starts to change quite appreciably with even small changes in r/R,
then accelerates towards lesser values of r/R and finally reaches
a plateau. On the other hand, although the tetra-chiral structure,
along with the hierarchical structures show little initial sensitivity
to the variations in r/R, at around r/R ∼= 0.03, their behaviors
begin to sharply diverge. The hierarchical structures show a rapid
change followed by plateaus whereas the tetra-chiral structure
starts with a slower variation which accelerates sharply as r/R →
0.5 due to the effect of compliance of the cylinders as mentioned
above. Finally Fig. 8(c) plots the variation of normalized shear
90 D. Mousanezhad et al. / Theoretical and Applied Mechanics Letters 6 (2016) 81–96Fig. 7. (a) Normalized Young’s modulus, and (b) Poisson ratio as a function of geometrical parameter, r/R, for three different hexagon based hierarchical and chiral lattices.
The effective Young’s modulus of the structure is normalized by the effective Young’s modulus of a regular hexagonal honeycomb (r/R = 0) with same relative density. The
solid lines represent the results from the theoretical estimates (i.e. relations reported in Table 1), and circles show the FE results.Fig. 8. (a) Normalized Young’s modulus, (b) Poisson ratio, and (c) Normalized shear modulus as a function of geometrical parameter, r/R, for four different anisotropic
square based hierarchical and chiral lattices. The effective Young’s and shear moduli of the structure are normalized by those of a square honeycomb (r/R = 0) with same
relative density. The solid lines represent the results from the theoretical estimates (i.e. relations reported in Tables 1 and 2), and circles show the FE results.modulus (effective shear modulus of the structure normalized by
the effective shear modulus of a square honeycomb with same
relative density) of these anisotropic structures. The normalized
shear moduli of the two chiral and two hierarchical structures
show little initial sensitivity to variation of r/R. However, soonat about r/R ∼= 0.01, these two groups diverge completely in
opposite directions unlike previous elastic constants. The chiral
structures show increasingly low normalized shear modulus as
r/R is increased whereas an increase in r/R positively affects the
normalized shearmodulus of the hierarchical structures. The trend
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Our theoretical and numerical results vs. numerical and experimental data available in Ref. [46].
Young’s modulus (MPa) Poisson’s ratio
Name Theory FE FE [46] EXP [46] Theory FE FE [46] EXP [46]
Tri-chiral 0.63 0.48 0.65 1.10 +0.57 +0.57 +0.60 +0.68
Anti-tri-chiral 0.41 0.34 0.39 0.61 +0.02 +0.11 +0.06 +0.08
Tetra-chiral 2.45 1.64 12.01 7.08 0.00 +0.20 −0.83 −0.26
Anti-tetra-chiral 1.42 1.32 2.50 3.11 −0.99 −0.96 −0.98 −0.98for tetra-chiral structure changes course at an r/R of about 0.25 as
the structure becomes increasingly stiff in shear, causing a rapid
increase as r/R → 0.5.
Next, we compare our results with numerical and experimental
data available in the literature. We choose the reported data from
Ref. [46] who carried out numerical and experimental analysis
on the in-plane elastic properties of chiral and anti-chiral honey-
combs subjected to uniaxial loading for small deformations. They
employed selective laser sintering rapid-prototyping technique to
fabricate the experimental samples out of nylon powder with ge-
ometrical parameters r = 5 mm, L = 25 mm, t = 1.5 mm,
and out-of-plane depth d = 25 mm. Table 3 compares our results
with their numerical and experimental data. From this table we
find favorable comparisons of our elastic constants (Young’s mod-
ulus and Poisson’s ratio) for almost all chirality except the tetra-
chiral case. Note that some discrepancy is natural both due to the
difference in the materials between the two cases and also from
the different boundary conditions employed between the two FE
models. Specifically, in contrast to our periodic boundary condi-
tions imposed on the FE models at structural level, they employed
slightly different non-periodic boundary conditions at the ‘‘RVE
level’’ which led to a stiffening effect on the RVEs. For instance,
for tri- and anti-tri-chiral honeycombs, instead of applying appro-
priate forces and moments on the RVE’s edge nodes to simulate
the uniaxial loading on a periodic structure, they used geometrical
constraints (i.e., coupling interaction between RVE’s edge nodes) to
relate the displacements of particular edge nodes within the RVE.
We believe that this difference may play an even greater role in
the relatively large discrepancy between the results obtained for
the case of tetra-chiral honeycombs. Interestingly, for this partic-
ular case, Alderson et al. [46] report auxeticity for this structure
at small strains through both FE and experimental investigations
(Table 3) whereas neither our theoretical prediction, nor FE simu-
lations as seen in Fig. 6 show any auxeticity for this case.
We studied the effects of chirality and hierarchy, generally a
hallmark of natural materials, on the static in-plane properties of
a selected set of 2D honeycombs. Analytical closed-form formulas
for square and hexagon based networks have been obtained,
and the results are verified numerically. Comprehensive design
graphs, comparing elastic moduli (Young’s and shear moduli and
Poisson’s ratio) are provided. We find that both chirality and
hierarchy crucially affect the in-plane mechanical properties of
these structures. Overall, hierarchical structures are stiffer and
have higher Poisson’s ratio than their chiral counterparts for
similar values of the r/R ratio which quantifies the amount of
hierarchy or chirality. However, chirality remains the only route
to auxeticity. This is due to the deformation mechanism observed
in auxetic chiral and anti-chiral honeycombs. This mechanism is
characterized by the rotation of cylindrical nodes and bending
of the ligaments, which make the structures contract in the
transverse directionwhen subjected to uniaxial compressive loads.
The behavior of the elastic constants of anti-tetra-chiral structure
shows a remarkable glimpse of an engineered material which can
simultaneously exhibit anisotropy, auxeticity, and a shearmodulus
that is much lower than usual solids.Acknowledgments
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Appendix A. Tri-chiral
A schematic of a tri-chiral honeycomb derived from a regular
hexagonal architecture undergoing an in-plane uniaxial far-field
(macroscopic) loading in the x-direction characterized by the
normal stress, σx is shown in Fig. A.1(a). A detailed FBD of the
structural unit cell of this honeycomb is shown is Fig. A.1(b). The
unit cell contains a cylinder (node) which is assumed to be rigid
and three half ligaments. Due to the 180° rotational symmetry of
the structure and the components of the microscopic stresses, all
three external cut points of the unit cell (i.e., points 1 through 3 in
Fig. A.1(b)) must be moment-free under an arbitrary macroscopic
stress state. Therefore, utilizing the equilibrium conditions of
forces and moments, the horizontal force, F , can be related to
the far-field stress as, F = σxR
√
3/2, where R is the center to
center distance of adjacent cylinders in the structure, as shown
in Fig. A.1(b). The vertical force, P is a virtual force which will be
used later in this subsection to compute the Poisson’s ratio of the
structure. Under the influence of this force system, neglecting the
stretching and shearing terms, the strain energy stored in the unit
cell of this bending dominated structure can be obtained as:
U = 1/ (2EsI)
 L/2
0
[(F cos (π/6+θ)−P sin (π/6+θ)) x]2 dx
+
 L/2
0
[(2F sin θ) x]2 dx+
 L/2
0
[(F cos (π/6−θ)
− P sin [π/6−θ ]) x]2 dx

, (A.1)
where Es (as mentioned earlier) is the Young’s modulus of the cell
wall material, I is the second moment of area of the wall’s cross
section (cell walls are assumed to have a rectangular cross section
with uniform thickness, t , and unit depth, i.e., I = t3/12), and
θ = tan−1(2r/L) is the angle between each ligament and the
line connecting the centers of two adjacent cylinders as shown
in Fig. A.1(b). Setting P = 0 in Eq. (A.1) and using Castigliano’s
second theorem [72], ∂U/∂F gives the total displacement (δx) of
points 1 and 2 (with respect to point 3) in the x-direction. Then
the average strain of the structure in the x-direction is obtained by
using the relation, ϵx = δx/(1.5R). The effective Young’s modulus
of the structure (normalized by material’s Young’s modulus, Es) is
then defined as the ratio of the average stress, σx, and the average
strain, ϵx, and obtained as:
E/Es = 4/
√
3 (t/L)3

1.5/

cos2 (π/6− θ)+ 4 sin2 θ
+ cos2 (π/6+ θ) . (A.2)
Note that as r goes to zero, θ also approaches zero and the structure
is reduced to a regular hexagonal honeycomb. Thus, letting θ = 0
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√
3 (t/L)3, which is a familiar
result for the effective Young’s modulus of a regular hexagonal
honeycomb [75].
Next, to completely characterize the elastic behavior of tri-
chiral honeycomb, we also need to determine its Poisson’s ratio,
ν. We again used Castigliano’s second theorem to obtain the
displacement between points 1 and 2 (δy) (see Fig. A.1(b)) in the
direction of the virtual forces as, δy = ∂U/∂P|P=0. Using this
relation we obtain ϵy = δy/

R
√
3/2

which gives the structure’s
average strain in the y-direction due to the uniaxial loading, σx in
the x-direction. The effective Poisson’s ratio, ν, of the structure is
finally defined as the negative of the ratio of the average strain in
the y-direction, ϵy, to the average strain in the x-direction, ϵx, and
obtained as the following:
ν = √3 [sin (π/6− θ) cos (π/6− θ)+ sin (π/6+ θ) cos (π/6+ θ)]
cos2 (π/6− θ)+ 4 sin2 θ + cos2 (π/6+ θ) .
(A.3)
Again, note that as r goes to zero, Eq. (A.3) reduces to ν =
1, which is the effective Poisson’s ratio of a regular hexagonal
honeycomb [75].
Appendix B. Anti-tri-chiral
A schematic of an anti-tri-chiral structure which is also derived
from an underlying hexagonal unit cell architecture is shown in
Fig. B.1(a). An in-plane uniaxial far-field loading characterized by
the normal stress, σx is applied to the structure in the x-direction. A
detailed FBD of the structural unit cell is also shown in Fig. B.1(b).
It contains a rigid cylinder (node) and three half ligaments. As
shown in Fig. B.1(a), by using a cut line ∆1, since there is no
macroscopic stress to the structure in the y-direction, the unit cell
must be free of any forces in the y-direction at point 1. Similar
argument holds true for point 2 (by using the cut line ∆2 in
Fig. B.1(a)). Furthermore, due to the symmetry of the structure
with respect to the cut line ∆3 (see Fig. B.1(a)), point 3 must also
be free of any forces in the y-direction. Then, using the zigzag
cut line ∆4 shown in Fig. B.1(a) and due to the symmetry of the
structure mentioned above; points 1 and 2 must experience same
forces in the x-direction and same moments with respect to the
z-axis. Thus, the forces and moments acting on the external cut
points of the unit cell are reduced as shown in Fig. B.1(b) (recall
from previous section that the virtual force P has been applied to
calculate the Poisson’s ratio and can be treated as zero in this part
of the calculation). Note that the x-component of the force applied
to point 3 (i.e., 2F ) comes from the equilibrium of forces in the
x-direction. Now, the equilibrium of moments in the z-direction
gives 2M +M∗ − 3rF = 0, whereM andM∗ are two yet unknown
moments at external cut points of the unit cell as a result of the
loading on the structure. Using this equation and neglecting thestretching and shearing terms, the strain energy stored in the unit
cell is obtained as:
U = 1/ (2EsI)
 L/2
0
(2M − 3rF)2dx+
 L/2
0
(M + Fx√3/2)2dx
+
 L/2
0
(M − Fx√3/2)2dx

. (B.1)
Now, for all horizontal lines of the structure to remain parallel in
the deformed state, we can show that the following geometrical
condition must hold: θ1 = −θ2, where θ1 and θ2 are respectively
the total rotations of points 1 and 2 with respect to the z-axis. Us-
ing Castigliano’s theorem, this geometrical condition is equivalent
to the relation, ∂U/∂M = 0. Now, substituting into this equation
the strain energy given by Eq. (B.1),M is determined as a function
of F asM = rF . Also using equation of equilibrium for themoments
given earlier,M∗ is obtained asM∗ = rF . Next, substituting the val-
ues obtained for unknown moments M and M∗ into Eq. (B.1), the
strain energy stored in the unit cell can be written as:
U = 1/ (2EsI)
 L/2
0
(rF)2dx+
 L/2
0
(rF + Fx√3/2)2dx
+
 L/2
0
(rF − Fx√3/2)2dx

, (B.2)
where F can be obtained as a function of the applying stress, σx as
F = Lσx
√
3/2.
Using Castigliano’s second theorem, ∂U/∂F gives the total dis-
placements of points 1 and 2 (with respect to point 3) in the loading
direction as, δx = FL(L2+24r2)16EsI . Furthermore, the structure’s average
strain in the x-direction is obtained by using the relation, ϵx =
δx/(1.5L). The effective Young’s modulus of the structure (normal-
ized by material’s Young’s modulus, Es) is then defined as the ratio
of the average stress, σx and the average strain, ϵx and obtained as:
E/Es = 4/
√
3 (t/L)3 /[1+ 24 (r/L)2]. (B.3)
In the remaining part of this subsection, in order to obtain the Pois-
son’s ratio of the structure we add two virtual forces, P acting on
points 1 and 2 of the unit cell, as shown in Fig. B.1(b). Note that for
the unit cell to remain in the static equilibrium state, we also need
to add a virtual moment (Pr
√
3) with respect to the z-axis acting
on point 3. Thus, the strain energy stored in the unit cell will be
modified as follows:
U = 1/ (2EsI)
 L/2
0

rF + Pr√3
2
dx
+
 L/2
0

rF + Fx√3/2− Px/2
2
dx
+
 L/2
0

rF − Fx√3/2+ Px/2
2
dx

. (B.4)
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displacement of points 1 and 2 (see Fig. B.1(b)) in the direction
of the virtual forces as, δy = ∂U/∂P|P=0. Using Eq. (B.4), δy is
obtained as, δy = FL
√
3(24r2−L2)
48EsI
. Then, using this equation, ϵy =
δy/

L
√
3/2

gives the structure’s average strain in the y-direction
due to the uniaxial loading in the x-direction (σx). The effective
Poisson’s ratio, ν of the structure is then defined as the negative of
the ratio of the average strain in the y-direction, ϵy to the average
strain in the x-direction, ϵx and given as follows:
ν = 1− 24 (r/L)
2
1+ 24 (r/L)2 . (B.5)
Note that similar to the tri-chiral structure, here as r goes to zero,
the structure transforms into a regular hexagonal honeycomb. Let-
ting r = 0 in Eqs. (B.3) and (B.5) will result in E/Es = 4/
√
3 (t/L)3,
and ν = 1, which are the effective Young’s modulus and Poisson’s
ratio of a regular hexagonal honeycomb, respectively, as noted ear-
lier.
Appendix C. Anti-tetra-chiral
We now turn our attention to the next alteration of the square
based unit cell which is an anti-tetra-chiral structure. Note that
the Young’s modulus and Poisson’s ratio of the anti-tetra-chiral
lattice with square and rectangle based networks have been
analytically determined assuming the square based anti-tetra-
chiral lattice (i.e., when all straight beams having identical lengths)
is macroscopically isotropic [33]. In contrast, in the current
paper we will show that the square anti-tetra-chiral structure
is macroscopically orthotropic (i.e., having four-fold rotational
symmetry and defined by three in-plane materials constants), and
will derive analytical relations for the shear modulus and the
material’s principal directions.
An anti-tetra-chiral structure is depicted schematically in
Fig. C.1(a) under a uniaxial far-field stress in the x-direction,
σx. FBD of a representative unit cell of the structure is shown
in Fig. C.1(b). It contains a rigid cylinder (node) and four half
ligaments. The 180° rotational symmetry of the structure and
loading, requires that any two external cut points (i.e., points 1
through 4 in Fig. C.1(b)) located opposite to each other in the unit
cell experience same forces and moments. Then, using the cut line
∆1, since there is no macroscopic stress applied to the structure
in the y-direction, the unit cell must be forceless in that direction
at point 4. Similar statement holds true for point 2, by using the
cut line∆2. Also note that the component of forces parallel to each
cut line at corresponding external cut point of the unit cell must
be equal to zero, because no macroscopic shear stress acts on the
structure. Thus, under this uniaxial stress on the structure, σx, each
unit cell experiences the loading shown in Fig. C.1(b) (for instance
neglect the terms containing P in the forces and moments), whereF can be given as a function of applied stress as, F = σxL. Also, M
and M∗ are two yet unknown moments to be determined. Then,
equilibrium of moments with respect to the z-axis givesM+M∗−
rF = 0. Using this equation and neglecting the shearing terms,
the strain energy of the unit cell can be written as, U = 2 F2L/22EsA +
2
 L/2
0
M2
2EsI
dx+ 2  L/20 (rF−M)22EsI dx. Next, for all horizontal lines in the
structure to remain parallel in the deformed state, the following
condition must hold: ∂U
∂M = 0. Upon substituting the strain energy
into this equation, M is obtained as a function of F as M = rF/2.
Then, using the equation of equilibrium of moments given earlier,
M∗ is also obtained as M∗ = rF/2. Then, substituting the values
obtained for unknown moments, M and M∗ into the equation of
strain energy, it will be modified as U = 2 F2L/22EsA + 4 (rF/2)
2L/2
2EsI
. Using
Castigliano’s theorem, ∂U/∂F gives the total displacement of point
1 with respect to the point 3 in the x-direction as δx = FLEsA + Fr
2L
2EsI
.
Then the structure’s average strain in the x-direction is given by
using the relation, ϵx = δx/L. The effective Young’s modulus of the
structure (normalized by material’s Young’s modulus, Es) is then
defined as the ratio of the average stress, σx and the average strain,
ϵx and obtained as:
Ex/Es = t/L
1+ 6 (r/L)2 / (t/L)2 . (C.1)
Next, in order to obtain the Poisson’s ratio of the structure, we
add two virtual forces of magnitude P acting on points 2 and 4 as
shown in Fig. C.1(b) to be able to find the elongation of the unit
cell in the y-direction. Note that for the unit cell to remain in the
equilibrium state, we must include virtual moments, rP/2, with
respect to the z-axis acting on points 1 through 4 (see Fig. C.1(b)).
Thus, the strain energy of the unit cell will be modified into:
U = 2 F2L/22EsA + 2 P
2L/2
2EsA
+ 4 (rF/2+rP/2)2L/22EsI . Then, using Castigliano’s
theorem, the displacement of point 4 with respect to point 2 in
the y-direction can be obtained as, δy = Fr2L2EsI . Using this equation,
ϵy = δy/L gives the structure’s average strain in the y-direction
due to the uniaxial loading, σx. The effective Poisson’s ratio of the
structure is then defined as the negative of the ratio of the average
strain in the y-direction, ϵy to the average strain in the x-direction,
ϵx and obtained as follows:
νxy = −6 (r/L)
2
6 (r/L)2 + (t/L)2 . (C.2)
Finally, to determine the shear modulus, as shown in Fig. C.1(c),
consider an anti-tetra-chiral structure under a uniform far-field
shear stress, τxy. A representative unit cell of the structure is also
shown in Fig. C.1(d). Similar to tetra-chiral honeycombs studied
in the paper, we can show that under the shearing load, τxy, the
unit cell must experience the loading shown in Fig. C.1(d), where
F can be obtained as a function of applying stress as, F = τxyL.
Thus, the unit cell’s strain energy is obtained as U = 4  L/20 (Fx)22EsI dx.
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anti-tetra-chiral honeycomb under x–y shearing load. (d) FBD of the structural unit cell under shearing load.Then, (∂U/∂F)/L gives the total change of angle (i.e., the shear
strain, γxy) between two straight lines initially parallel to the x-
and y-axes. Finally, the effective shear modulus of the structure
(Gxy, normalized with respect to the Young’s modulus of cell wall
material) is defined as the ratio of the average shear stress, τxy to
the average shear strain, γxy and obtained as the following:
Gxy/Es = 0.5 (t/L)3 . (C.3)
Note that as r goes to zero, the structure transforms into a
regular square honeycomb. Upon substituting r = 0 into Eqs.
(C.1)–(C.3), we get Ex/Es = t/L, νxy = 0, and Gxy/Es = 0.5 (t/L)3,
which are the Young’smodulus, Poisson’s ratio, and shearmodulus
of a regular square honeycomb, respectively. Employing the same
procedure as outlined in the paper yields the principal directions
for the two-dimensional compliance tensor of this honeycomb as
kπ/4, where k is an integer.
Appendix D. Hierarchical diamond
We now turn our attention to determining the linear elastic
constants of hierarchical diamond structure. Figure D.1(a) shows
a hierarchical diamond structure under a uniaxial far-field stress
in the x-direction, σx. The corresponding FBD of the unit cell is
shown in Fig. D.1(b). It contains a diamond and four half ligaments
connecting the diamonds together. Similar to the previous section,
under a uniaxial stress on the structure, σx, each unit cell
experiences the loading shown in Fig. D.1(b), where F can be
obtained as a function of applied stress as, F = σxL. Consider the
right portion of the unit cell as shown in Fig. D.1(b). Unknown
forces and moment acting on points 5 and 6 of the unit cell are
obtained by satisfying the equilibrium conditions discussed earlier.
M is found to beM = rF/4. Then, using this equation, the unit cell’sstrain energy is obtained as:
U = 2F
2 (L/2− r)
2EsA
+ 4

F
√
2/4
2
r
√
2
2EsA
+ 4
 r√2
0

rF/4− xF√2/4
2
2EsI
dx. (D.1)
Using above equation we can obtain the total displacement of
point 1 with respect to point 3 in the x-direction as δx = ∂U∂F =
F

L−r(2−1/
√
2)

EsA
+
√
2Fr3
12EsI
. Next, the structure’s average strain in
the x-direction is obtained by using the relation ϵx = δx/L.
The effective Young’s modulus of the structure (normalized by
material’s Young’s modulus, Es) is then defined as the ratio of the
average stress, σx and the average strain, ϵx and obtained as:
Ex/Es = t/L
1− (r/L)

2− 1/√2

+√2 (r/L)3 / (t/L)2
. (D.2)
Next, in order to obtain the Poisson’s ratio, consider a pair of virtual
forces acting on the unit cell in the lateral direction, as shown in
Fig. D.1(c). One fourth of the diamond is also shown in Fig. D.1(c).
Similar procedure is used to determine the unknown moments
(M1 and M2) acting on points 6 and 7. M1 and M2 are obtained as
M1 = −M2 = rF/4− rP/4. Then, the strain energy of the unit cell
is given as:
U = 2F
2 (L/2− r)
2EsA
+ 2P
2 (L/2− r)
2EsA
+ 4

(F + P)√2/4
2
r
√
2
2EsA
+ 4
 r√2
0

r/4− x√2/4

(P − F)
2
2EsI
dx. (D.3)
D. Mousanezhad et al. / Theoretical and Applied Mechanics Letters 6 (2016) 81–96 95Fig. D.1. (a) Schematic of a hierarchical diamond honeycomb under x-direction uniaxial loading. (b) and (c) FBD of the structural unit cell under uniaxial loading, where P
is a virtual force used for Poisson’s ratio calculations. (d) Schematic of a hierarchical diamond honeycomb under x-y shearing load. (e) FBD of the structural unit cell under
shearing load.Castigliano’s second theorem states that the total displacement
of points 2 and 4 in the direction of virtual forces can be obtained
using the relation, δy = ∂U/∂P|P=0. Substituting Eq. (D.3) into
this equation gives, δy = Fr√2EsA −
√
2Fr3
12EsI
. Then, using this equation,
ϵy = δy/L gives the structure’s average strain in the y-direction
due to the uniaxial loading, σx. The effective Poisson’s ratio of the
structure is then defined as the negative of the ratio of the average
strain in the y-direction, ϵy to the average strain in the x-direction,
ϵx and obtained as the following:
νxy = (r/L)
3 − 0.5 (t/L)2 (r/L)
(r/L)3 −
√
2− 0.5

(t/L)2 (r/L)+ (t/L)2 /√2
. (D.4)
Finally, to determine the shearmodulus, as shown in Fig. D.1(d),we
apply a uniform far-field shear stress, τxy to a typical hierarchical
diamond honeycomb. FBD of the unit cell is also shown in
Fig. D.1(e). Likewise the previous section, there are only four equal
shear forces acting on the unit cell’s external cut points, F , which
can be obtained as a function of applying stress as, F = τxyL.
Next, consider one fourth of the diamond as shown in Fig. D.1(e).
Components of unknown forces and moment acting on the
external cut points of this portion of the unit cell can be determined
as functions of F , as shown in Fig. D.1(e),whereM = F/2 (L/2− r).
Hence, the strain energy of the unit cell is obtained as:
U = 4
 L/2−r
0
(Fx)2
2EsI
dx+ 4

F/
√
2
2
r
√
2
2EsA+ 4
 r√2
0
[F/2 (L/2− r)]2
2EsI
dx. (D.5)
Then, (∂U/∂F)/L gives the total change of angle (i.e., the shear
strain, γxy) between two straight lines initially parallel to the x- and
y-axes. Finally, the effective shear modulus of the structure (Gxy,
normalized with respect to the Young’s modulus of cell walls ma-
terial) is defined as the ratio of the average shear stress, τxy to the
average shear strain, γxy and obtained as the following:
Gxy/Es = 0.5 (t/L)
3
[1− 2 (r/L)]2

1+

1.5
√
2− 2

(r/L)

+√2 (t/L)2 (r/L)
.
(D.6)
Note that as r goes to zero, the structure transforms into a regular
square honeycomb. Upon substituting r = 0 into Eqs. (D.2), (D.4)
and (D.6), we get Ex/Es = t/L, νxy = 0, and Gxy/Es = 0.5 (t/L)3,
which are the Young’smodulus, Poisson’s ratio, and shearmodulus
of a regular square honeycomb, respectively. The principal direc-
tions for the two-dimensional compliance tensor of this structure
are α = kπ/4, where k is an integer.
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